We explicitly compute the complete three-loop (O(g 4 )) contribution to the four-point function of chiral primary current-like operators q 2 q 2q2 q 2 in any finite N = 2 SYM theory. The computation uses N = 2 harmonic supergraphs in coordinate space. Dramatic simplifications are achieved by a double insertion of the N = 2 SYM linearized action, and application of superconformal covariance arguments to the resulting nilpotent six-point amplitude. The result involves polylogarithms up to fourth order of the conformal cross ratios. It becomes particularly simple in the N = 4 special case.
Correlators of gauge invariant composite operators are natural objects to study in finite superYang-Mills theories, since they are strongly constrained by superconformal invariance. These constraints have recently been actively investigated using both abstract methods [1]- [5] and the operator product expansion [2, 6, 7] . Additional motivation is provided by the AdS/CFT correspondence conjecture [8, 9, 10] , which relates correlators of chiral primary operators in N = 4 super-Yang-Mills theory to correlators in AdS supergravity [11] - [19] . This relation involves the SYM correlators at strong coupling, so that its verification presently relies mostly (although not exclusively [20] ) on non-renormalization theorems [16] , [21] - [28] .
On the CFT side, the correlator of four N = 4 stress tensors is the simplest one which can be built from chiral primary operators, and is not subject to any known non-renormalization theorem. The quantum corrections to this correlator have so far been investigated to lowestorder in the perturbative (two-loop) [29] - [32] and non-perturbative (one-instanton) [20] sectors. From the point of view of the operator product expansion approach it is also of interest to know the singularity structure of this correlator at coincidence points [7, 33] .
In this paper we a make a step further by computing it at the next, three-loop level. Our computation is not restricted to N = 4 SYM theory but concerns the correlator of four bilinear (current-like) hypermultiplet matter composite operators in N = 2 SYM. There are three reasons for staying at the N = 2 level: i) there is no known off-shell formulation of N = 4 SYM, so the best way to carry out a quantum calculation is to reformulate the theory in N = 2 harmonic superspace [34] and then use the efficient supergraph technique available there [35] ; ii) as shown in [29] , knowing the result in the N = 2 matter sector and using the SU (4) R symmetry of the N = 4 theory one can easily reconstruct the complete amplitude for four N = 4 stress tensors; iii) it is not impossible that many of the expected exceptional features of four-dimensional CFT are shared by all finite N = 2 theories [36, 37] .
The correlator we consider is made out of hypermultiplets q + ,q + and has the form
In the SU (2)-covariant harmonic superspace formalism [34] this hypermultiplet is described off shell by a Grassmann analytic superfield q + (x A , θ + ,θ + , u ± ). The harmonic variables are defined as SU (2) matrices,
The Grassmann variables
are SU (2)-invariant U (1) projections of the full superspace ones θ i ,θ i . The coordinates x αα A = x αα − 4iθ (i αθj)α u + i u − j together with θ + ,θ + and u ± span the G-analytic superspace closed under the full N = 2 superconformal group (see [34, 38] for details). In order for the theory to be finite, the matter hypermultiplets q + must be in a representation r of the gauge group such that C(r) = C 2 (G) [36, 37] 2 . 2 We denote the generators in this representation by t a , and tr(t
A direct calculation of this correlator at three loops using standard component or N = 1 superfield techniques would be, at the present state-of-the-art, a prohibitively difficult task. In the following we will perform it in a rather roundabout way, using the new set of coordinate-space Feynman rules for N = 2 harmonic superspace given in [31] , together with a fortuitous combination of Intriligator's insertion trick and knowledge about the construction of superconformal invariants which was built up in [23, 3, 29, 30, 31, 26, 5 ].
Intriligator's trick, introduced in the present context in [18] , allows us to write the three-loop (O(g 4 )) contribution to this correlator in terms of a double insertion of the linearized SYM action,
where the integrals are over N = 2 chiral superspace. This representation can be derived either by a simple path integral manipulation [18, 31] , or diagrammatically by showing that this expression differs from the original set of Feynman diagrams only by a simultaneous change of gauge for all SYM propagators [39] . One advantage of this representation is that it leads, due to the fact that W is chiral and q + is G-analytic, to severe restrictions on the possibilities for building superconformal invariants.
We have already successfully employed this trick in the analogous two-loop calculation. There one makes a single insertion and deals with the five-point correlator
It is easy to see that superconformal invariance alone completely determines its Grassmann dependence [26, 5] . Indeed, the correlator must be a superconformal covariant having the R weight of four left-handed θ's (in order to mach that of the chiral measure d 4 x 5 d 4 θ 5 ). This means it has to be made out of combinations of θ + 1,...,4 and θ i 5 invariant under the shift part of the superconformal transformations. Since the latter involve 4 left-handed odd parameters, there exist only two such combinations ξ 123 and ξ 124 given below [2, 3, 26] :
, a = 1, . . . , 4,
Then it is clear that the correlator must have the form
where ξ 4 ≡ (12) −2 ξ 2 123 ξ 2 124 , and the factor F (x, u) is a conformal covariant depending only on the space-time and harmonic variables. The latter is not predicted by invariance alone and had to be determined by an explicit graph calculation. It was rather surprising to find out that the result was a rational function of the space-time variables. Then, after the single integration over the insertion point d 4 x 5 we found that the entire amplitude was expressed in terms of the one-loop scalar box integral.
Extending the same argument based on counting the R weight and the number of independent shift-invariant combinations of left-handed θ's to the three-loop case, one finds that superconformal invariance constrains the integrand to be of the form
where ξ 4 is the same as above, and ψ 4 the corresponding covariant referring to point '6', built from σα a ≡ θ 6aα
. Once again, the purpose of the graph calculation is to determine the factor G(x, u).
The knowledge of the dependence on the odd coordinates in (7) is extremely useful, since it allows one to concentrate on one typical term in the expansion of the nilpotent covariant while doing the explicit graph calculation. Thus, in the two-loop calculation [31] a very substantial simplification was reached by setting the analytic Grassmann variables to zero, θ + 1 = . . . = θ + 4 = 0, and keeping only the chiral θ 5 . At the three-loop level, it turns out that even more dramatic simplifications can be achieved by keeping only the external Grassmann variables, and setting to zero both θ 5 and θ 6 . Further, we are only interested in the leading term in (7), so we can set all righthandedθ Figure 2 This building block, which we denote by I 5, 6 , is already known from the two-loop calculation [31] . With the stated specializations, θ 5,6 =θ + i = u i − u j = 0, the expression obtained there can be rewritten in terms of the variables ρ i (σ i ) as follows,
--
Note that here the integration over the interaction point has already been performed. We can thus immediately write down the contributions of all graphs to the six-point correlator. The result reads, after some fierzing (up to an overall factor), 
where
(d(G) denotes the dimension of the gauge group). In terms of the variables τ ij the six-point nilpotent covariant reads 
For θ 5 = θ 6 = 0 all these expressions are easy to evaluate, since then
Thus the six-point covariant becomes
where 
The coefficient function G(x, u) can now be determined by comparing the θ
4 coefficients of the six-point correlator and the covariant. Once this is done we know this correlator in covariant form, so that we can now return to the "opposite" frame where θ 
It is remarkable and rather unexpected that this result only involves a rational function of the space-time variables, just like in the two-loop calculation. The Grassmann integrations being trivial (θ 4 5,6 are just chiral delta functions), one is left with the space-time integrals dx 5 dx 6 . Only two different integrals appear, namely the standard one-loop box integral 
The first one is well-known [40] , while the second one can be rewritten in terms of the two-loop (momentum space) double box integral, calculated in [41] . The functions Φ (1, 2) are the first two elements of the infinite series of conformal "multi-ladder" functions introduced by Davydychev and Ussyukina [42, 43] . They can be written in terms of polylogarithms Li n as follows [41] , 
where λ(x, y) = (1 − x − y) 2 − 4xy, ρ(x, y) = 2(1 − x − y + λ) −1 . The final result after integration over points 5, 6 is reached by replacing, in eq. (9),
etc. This result holds for any finite N = 2 SYM theory. It considerably simplifies if one specializes to the N = 4 case, where (t b ) ac = if abc , and to the gauge group SU (N c ). Here all three contributions can be added up, leading to 
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The details of this calculation will be given elsewhere [39] , as well as a discussion of the result. Here we only mention one important point. We have checked that our result exhibits a singularity of the type log 2 x 2 12 in the coincidence limit x 12 → 0, exactly as predicted in [7, 33] . It should also be mentioned that our three-loop result already dispenses with a speculation made in [30] . There it was suggested that the unexpected absence of three-and quadrilogarithms in the two-loop result may be related to the fact that the complete tree-level result for the corresponding axion/dilation amplitudes in AdS supergravity can be represented in terms of logarithms and dilogarithms of the conformal cross ratios [17] . With hindsight, the simplicity of the two-loop result is just a consequence of the fact that, apart from the standard box integral h (1) , no other finite and conformally invariant scalar integral exists at this level.
